In a recent paper Xie et al. (Fixed Point Theory Appl. 2013:192, 2013) gave several extensions and some applications of the Abian-Brown (AB) fixed point theorem. While the AB fixed point theorem and its extensions (as well as other related fixed point theorems) assume that the mapping is isotone, this note shows that for single-valued finite maps this condition relates to the acyclicity of the map, which in turn relates to Abian's (Nieuw Arch. Wiskd. XVI:184-185, 1968) most basic fixed point theorem for finite sets. MSC: 46B42; 47H10; 58J20; 91A06; 91A10
Introduction
Fixed point theorems play an important part in equilibrium analysis in mathematical sciences. Recently, Li () [], Xie et al. () [] and Xie et al. () [] extended the celebrated Abian-Brown (AB) fixed point theorem and applied it to some well-known problems in game theory. Since the AB theorem and its extensions have powerful applications, it is important to understand and assess the assumptions behind these theorems. This note looks at one crucial assumption, namely that the mapping is isotone and shows that this assumption is related to another fixed point theorem of Abian () [] for finite sets.
Li's [] generalized a whole class of fixed point theorems. Indeed, the first result in this class was given by Knaster and Tarski () a Although in some cases this assumption is replaced by some order reversing assumption as in Abian () [] , the monotonicity of the mapping is still crucial to obtain a fixed point. In this note, we attempt to assess this assumption more carefully. While the existence or lack of existence of fixed points in dynamic systems often depend on the topological or set-theoretic order structure of the mapping, Abian () [ we prove the negation of this relationship by showing a link between the lack of existence of a fixed point and the cyclicity of the mapping. The finite version of Abian's [] fixed point theorem states that given a function from a finite set into itself, the set cannot be partitioned into three sets so that the intersection of each of these sets with their image is empty iff the mapping has a fixed point.
c The main result of this note shows that if the mapping has no fixed point, then all elements of the set are either periodic or eventually periodic with an even prime period iff the set can be partitioned into two sets so that the intersection of each of these sets with their image is empty.
In Section , we formally show the connection between cycles and the isotone assumption as well as the link between cycles and a no-fixed point condition. In Section  we give the main result of the paper showing that Abian's theorem for finite sets is equivalent the cyclicity of the mapping and in Section  we conclude.
Periodic maps
Throughout this paper we shall only consider finite sets with at least two elements. Let D be a finite set and let f : D → D be a function.
is said to be the orbit of d.
Definition  d ∈ D is said to be eventually periodic if it not periodic itself, but some term in its orbit is periodic.
The following lemma demonstrates the link between the isotone assumption of the AB theorem and the cyclicity of the mapping for the finite case. In the lemma we will assume that the set is partially ordered and that the mapping is isotone. Moreover, we also assume that each point is comparable to its image through the binary relation. These assumptions and the lemma will not be used anywhere else in the note. Its only purpose is to relate the cyclicity of the map to the isotone assumption used in the AB class of fixed point theorems. At this stage, it is important to draw the attention of the reader on the distinction between the partial order as a binary relation and the mapping as a binary relation. In this note, when we refer to cycles, we refer to the cyclicity of the mapping. 
Thus, we have f n (d) = e for some e ∈ D, where
But since this argument holds for any n ∈ Z + , Card(D) cannot be finite, which gives a contradiction.
Lemma  Let D be a finite set and let f : D → D be a mapping that has no fixed point. Suppose that d ∈ D is not a periodic element, then it is eventually periodic.
Proof We prove by contradiction. Suppose some d ∈ D is neither periodic nor eventually periodic. Then d has an orbit of the following form:
Definition  We say that orbit s is permutation isomorphic to orbit s iff s is an orderpreserving (in the natural order) permutation of s.
Lemma  Let D be a finite set and let f : D → D be a mapping that has no fixed point. Suppose that the mapping has k distinct non-permutation isomorphic orbits. Then there exists a partition of D into k cells such that each cell contains all periodic points of exactly one orbit and the eventually periodic points that lead to that orbit.
Proof See the Appendix. 
Fixed point theorems for finite maps

Theorem  (Abian () []) Let D be a finite set and let f : D → D be a mapping. Then f has a fixed point iff A, B and C so that collection {A, B, C} is a partition of D and A∩f
(A) = B ∩ f (B) = C ∩ f (C) = ∅. Proof See [].
Theorem  Let D be a finite set and let f : D → D be a mapping that has no fixed point. Then the following statements are equivalent. (i) D can be partitioned into two sets A and B so that
A ∩ f (A) = B ∩ f (B) = ∅.∩ f (A) = B ∩ f (B) = C ∩ f (C) = ∅. (ii) Each d ∈ D is
either a periodic element or an eventually periodic element whose prime period is odd.
The proof is omitted as it is similar to the proof of Theorem .
Corollary  Let D be a finite set and let f : D → D be a mapping. Then f has a fixed point iff D contains at least one element that is neither periodic nor eventually periodic under f .
Proof The (if ) part follows from Lemma  and the (only if ) part follows from the fact that if x is a fixed point of f , then it is not periodic by Definition .
Conclusion
We have shown in Theorem  that Abian's theorem relates to the idea of cycles and in Lemma  we have demonstrated that for finite maps acyclicity is implied by the isotone assumption as long each element relates to its image via the binary relation. Therefore, we have shown how the isotone assumption relates to the idea of cycles and hence to fixed point theorems through the finite version of Abian's theorem. Corollary  has shown that Abian theorem can be broken into two cases: (i) All periodic points have even prime periods and (ii) the negation of (i). Corollary  has shown that in order to find the fixed point of a finite set, it suffices to look for an element that it not periodic. These results can help researchers in the mathematical sciences who are trying to understand the assumptions underpinning this class of fixed point theorems and apply them to a broader class of problems.
Appendix
Proof of Lemma  Since from Lemma  we know that if some d ∈ D is not periodic, then it is eventually periodic, we need to consider only two types of elements of D; the periodic elements and the eventually periodic elements. Proof of Theorem  We first show that (ii) implies (i). Let d be a periodic point. We first construct a bijection from the set of all terms of an initial segment of the orbit of d into a finite index set. Consider the following initial segment of the orbit of d:
We know from Lemma  that such an element exists.
} so that A and B are defined as follows: Hence, the set of all elements of an orbit can be partitioned into A and B such that A ∩ f (A) = B ∩ f (B) = ∅ as long as n is even. Now, let us consider the eventually periodic elements. For each eventually periodic element h in D, there exists a periodic element d in D so that h is term of some sequence of the following form:
